
Geometric group theory
Problem sheet 3

Lent 2015

1. Let Σg be the closed, orientable surface of genus g, for g ≥ 1.

(a) Decompose π1Σg as a graph of groups, where each vertex group is free of
rank 2 or 3.

(b) Decompose π1Σg as a graph of groups with exactly one vertex, such that the
vertex group is free of rank 2g − 1.

(c) Describe a surjective homomorphism π1Σg → Fg.

2. Consider an amalgamated free product Γ = A ∗C B with a map φ : Γ→ Z/2 such
that φ(A) = φ(B) = Z/2 but φ(C) = 1.

(a) If X is the associated graph of spaces, describe the covering space of X
associated to kerφ.

(b) Deduce that kerφ admits a surjection kerφ→ Z.

3. Consider the group
G = 〈a, b | ba2b−1a−3〉 .

(This is called the (2,3)–Baumslag–Solitar group.)

(a) Write down a graph of groups with fundamental group G.

(b) Show that there is a surjective endomorphism f : G → G defined by b 7→ b
and a 7→ a2.

(c) Show that the word aba−1b−1a−2bab−1a defines a non-trivial element of the
kernel of f .

(Such a group is called non-Hopfian.)

4. Let G be a finite group acting by isometries on a simplical tree T .
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(a) For a vertex v let dv : T → R be the function v 7→ d(v, x), where d is the
path distance on T . Show that, for any v ∈ T , the function

x 7→ 1

|G|
max
γ∈G

dγv

attains a global minimum.

(b) Deduce that any finite subgroup of an amalgamated product A ∗C B is con-
jugate into one of A or B.

5. Consider a group Γ acting on a tree T , and elements α, β ∈ Γ fixing vertices u, v
respectively.

(a) Show that either some point of T is fixed by both α and β or the product
αβ has no fixed point on T .

(b) Deduce that the von Dyck groups

∆(p, q, r) = 〈a, b | ap, bq, (ab)r〉

do not admit non-trivial graph-of-groups decompositions.

6. Let G = A ∗C B. Consider the following graph S.

• The vertex set consists of the disjoint union of coset spaces G/A tG/B.

• The edge set is the coset space G/C.

• For any g ∈ G, the cosets gA and gB are joined by the edge gC.

Prove that S admits a left-action by G, and that S is equivariantly isomorphic to
the Bass–Serre tree of the natural graph of groups for G.

7. (a) Prove the Normal Form Theorem for graphs of groups along the lines of the
proof of Britton’s Lemma.

(b) Give a second proof of the Normal Form Theorem by applying the fact that
the Bass–Serre tree is a tree.

8. Consider a countable group G = {1, g1, g2, g3, . . .} for non-trivial and pairwise
distinct gi.

(a) Let G1 = G ∗ 〈s〉. For each n ≥ 1, let sn = gns, and let Sn = {si | i ≥ n}.
Show that the subgroup 〈Sn〉 is free on Sn, for any n.

(b) Consider G2, the HNN extension of G1 that conjugates 〈S1〉 to 〈S2〉. Show
that G2 is finitely generated.

(c) Deduce that every countable group embeds into a finitely generated group.

9.* Prove that a graph of aspherical spaces is aspherical.
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